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ABSTRACT

In this paper, we propose a data-driven image reconstruction
algorithm that specifically aims to reconstruct undersampled
dynamic contrast enhanced (DCE) MRI data. The proposed
method is based on the convolutional sparse coding algorithm,
which leverages the Fourier convolution theorem to accelerate
the process of learning a collections of filters and iteratively
refines the reconstruction result using the sparse codes found
during the reconstruction process. We introduce a novel en-
ergy formation based on the learning over time-varing DCE-
MRI images, and propose an extension of Alternating Direc-
tion Method of Multiplier (ADMM) method to solve the con-
strained optimization problem efficiently using the GPU. We
assess the performance of the proposed method by comparing
with the state-of-the-art dictionary-based compressed sensing
(CS) MRI method.

Index Terms— Convolutional Sparse Coding, Com-
pressed Sensing, MRI, GPU.

1. INTRODUCTION

One of the main problems hinders adopting MRI for time-
critical application is its longer acquisition time. There has
been much research effort to accelerate MRI acquisition pro-
cess using hardware and software. Among them, compressed
sensing has been successfully endorsed as a software approach
to reconstruct high-quality images from undersampled raw
MRI data (i.e., k-space data). Since CS-MRI imposes an ad-
ditional computation burden and suffers from reconstruction
artifact, CS-MRI research has mostly focused on developing
faster numerical algorithms and improving image quality for
low sampling rates.

The earlier CS-MRI work mainly focused on the `1-norm
energy minimization problem over sparse signal generated us-
ing universal sparsifying transforms, such as Total Variation,
Wavelet, and Fourier transform, as introduced in the seminal
work by Lustig et al. [1]. Even though such methods may be
relatively fast due to their simplicity, the image quality may not
be optimal because such universal transforms may not repre-
sent various local image features effectively. GPU-acceleration
has also been well-adopted to reduce the computing time of
such algorithms [2].

On the other hand, recent data-driven approaches, such as
dictionary learning [3], are adopted to CS-MRI reconstruction
and showed significant improvement in image quality [4]. The
main novelty of this approach is to derive a sparsifying trans-
form via a machine learning process, which accurately repre-
sent local features of reconstructed image compared to those of
universal transforms. However, a drawback of this approach is
its computational cost because patch-based dictionary learning
is a highly time-consuming process. A recent advance in dic-
tionary learning, convolutional sparse coding [5], replaces the
patch-based dictionary learning process with an energy min-
imization process using a convolution operator on the image
domain, which leads to an element-wise multiplication in fre-
quency domain, derived within ADMM framework [6]. Later,
a more efficient method based on a direct inverse problem is
proposed by Wohlberg [7]. However, such advanced machine
learning approaches have not been fully exploited in CS-MRI
literature yet.

In this paper, we introduce a novel application of convo-
lutional sparse coding to reconstruct undersampled DCE-MRI.
We leverage the property of DCE-MRI that many similar local
features may appear over time due to its temporal coherency
so that learning a dictionary from the images over the range
of time can improve the reconstruction quality better than us-
ing the temporal Total Variation energy only. In contrast to
the conventional dictionary learning-based CS-MRI [4], our
method can avoid expensive patch-based learning by embed-
ding the convolution operator directly into the energy function
and its solution can be efficiently computed in the frequency
domain, i.e., k-space, using an alternating method. We also
show that the proposed method maps well to data-parallel ar-
chitecture, such as GPUs, for further accelerating its running
time significantly. To the best of our knowledge, this is the first
CS-DCE-MRI reconstruction method based on convolutional
sparse coding and GPU acceleration.

2. METHOD

Figure 1 is a pictorial description of the proposed method. If
the inverse Fourier transform is directly applied to undersam-
pled DCE-MRI k-space data (Fig. 1a, ×8 undersampling), the
reconstructed images will suffer from artifacts (Fig. 1b). The
zero-filling reconstruction shown above will serve as an ini-
tial guess (Fig. 1c) for our iterative reconstruction process with
randomly initialized filters, e.g., a collection of 100 atoms of
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(a) Undersample k-space (b) Zero-filling reconstruction

(c) Initial guess (d) Ramdomly initialized filters

(e) Converged solution (f) Converged filters

Fig. 1: CS-DCE-MRI Reconstruction using convolutional
sparse coding. Red line: t axis, Blue–green lines: x–y axis

size 21×21 as shown in Fig. 1d. Then the image and filters are
iteratively updated until they converge as shown in Fig. 1e and
f. The proposed CS-DCE-MRI reconstruction algorithm is a
process of finding Si (i.e., DCE MR image at the time step i)
of the energy minimization problem defined as follows:

min
Dk,Xk,i,Si

α

2

∥∥∥∥∥∑
k

Dk ∗Xk,i − Si

∥∥∥∥∥
2

2

+ λ
∑
k

‖Xk,i‖1 + θ‖∇tSi‖1

s.t. ‖RiFSi −Mi‖22 < ε, ‖Dk‖22 ≤ 1 (1)

where Dk is the k-th filter (or atom in the dictionary) and Xk,i

is its corresponding sparse code for Si. In order to reconstruct
the entire DCE MR images for t time steps, we should solve
Eq (1) for i = 0, ..., t− 1.

In Eq. (1), the first term measures the difference between
Si and its sparse approximation

∑
kDk ∗Xk,i − Si weighted

by α. The second term is the sparsity regularization of Xk,i

using an `1 norm with a weight λ instead of an `0 norm as used
in [3; 4]. The third term θ‖∇tSi‖1 is the Total Variation en-
ergy that enforces the temporal coherence of DCE data, which
is widely used in conventional CS-DCE-MRI reconstruction
algorithms [1; 2]. The rest of the equation is the collection of
constraints – the first constraint enforces the consistency be-

tween each undersampled measurement Mi and the undersam-
pled reconstructed image using the mask Ri and the Fourier
operator F , and the second constraint restricts the Frobenius
norm of each atom Dk within a unit length. In the following
sections, we split Eq. (1) into two sub optimization problems
and alternate between them to find the global minimum solu-
tion for S = {S0, S1, ..., St−1}. In the following discussion,
we will use a simplified notation without indices k and i and
replace the result of Fourier transform of a given variable by
using the subscript f (for example, Sf is the simplified nota-
tion for FSi) to derive the solution of Eq. (1).

2.1. Subproblem for convolutional sparse coding

The first sub optimization problem of Eq. (1) is the formulation
of convolutional sparse coding as follows:

min
D,X,S

α

2

∥∥∥∑D ∗X − S
∥∥∥2
2

+ λ
∑
‖X‖1

s.t. ‖RSf −M‖22 < ε, ‖D‖22 ≤ 1 (2)

Problem (2) can be rewritten using auxiliary variables Y and
G for X and D:

min
D,G,X,Y,S

α

2

∥∥∥∑D ∗X − S
∥∥∥2
2

+ λ
∑
‖Y ‖1

s.t. X = Y, ‖RSf −M‖22 < ε, G = Proj(D), ‖G‖22 ≤ 1 (3)

whereG andD are related by a projection operator as a combi-
nation of a truncated matrix followed by a padding-zero matrix
in order to make the dimension of G same as that of X . Since
we will leverage Fourier transform to solve this problem, G
should be padded to zero to make its size same as Gf and Xf .
The above constraint problem can be rebuilt in an augmented
Lagrangian form with dual variables U , H , and further reg-
ulates the measurement consistency and the dual differences
with γ, ρ, and σ, respectively:

min
D,G,X,Y,S

α

2

∥∥∥∑D ∗X − S
∥∥∥2
2

+
γ

2
‖RSf −M‖22

+λ
∑
‖Y ‖1 +

ρ

2
‖X − Y + U‖22 +

σ

2

∑
‖D −G+H‖22

s.t. G = Proj(D), ‖G‖22 ≤ 1 (4)

Then we can solve problem (4) by iteratively finding the solu-
tion of independent smaller problems, as described below:
Solve for X:

min
X

α

2

∥∥∥∑D ∗X − S
∥∥∥2
2

+
ρ

2
‖X − Y + U‖22 (5)

If we apply the Fourier transform to the (5), it becomes:

min
Xf

α

2

∥∥∥∑DfXf − Sf
∥∥∥2
2

+
ρ

2
‖Xf − Yf + Uf‖22 (6)

Then the minimum solution of (6) can be found by taking the
derivative of (6) with respect to Xf and setting it to zero as
follows:(

α
∑

DH
f Df + ρI

)
Xf = α

∑
DH
f Sf + ρ (Yf − Uf ) (7)

Solve for Y :

min
Y

λ
∑
‖Y ‖1 +

ρ

2
‖X − Y + U‖22 (8)
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Y for `1 minimization problem can be found by using a shrink-
age operation:

Y = Shrinkλ/ρ (X + U) (9)

Solve for U : The update rule for U can be defined as a fixed-
point iteration with the difference between X and Y (U con-
verges when X and Y converge each other) as follows:

U = U + (X − Y ) (10)

Solve for D: Similar to (7) , D can be solved in the Fourier
domain:(

α
∑

XH
f Xf + σI

)
Df = α

∑
XH
f Sf + σ (Gf −Hf ) (11)

Solve for G: G can be found by taking the inverse Fourier
transform ofDf . This projection should be constrained by sup-
pressing the elements which are outside the filter size Dk, and
followed by normalizing its `2-norm to a unit length.

min
G

σ

2
‖D −G+H‖22 s.t G = Proj(D), ‖G‖22 ≤ 1 (12)

Solve forH: Similar toU , the update rule forH can be defined
as follows:

H = H + (D −G) (13)

Solve for S:

min
S

α

2
‖D ∗X − S‖22 +

γ

2
‖RSf −M‖22 s.t. Sf = F(S) (14)

Similar to (6), the objective function of (14) can be transformed
into Fourier domain:

min
Sf

α

2

∥∥∥∑DfXf − Sf
∥∥∥2
2

+
γ

2
‖RSf −M‖22 (15)

Then Sf can be found by solving the following linear system:(
γRHR+ αI

)
Sf = γRHM + α

∑
DfXf (16)

Note that the efficient solutions of (7), (11) and (16) can be
obtained via the Sherman-Morrison formula for independent
linear systems as shown in [7].

2.2. Subproblem for Total Variation along t

The second sub optimization problem of Eq (1) is the regu-
larizer with a temporal Total Variation energy. In order to
solve this problem, we need to minimize the following en-
ergy for the entire set of images S = {S0, S1, ..., St−1} col-
lectively with the image consistency energy for the measure-
ment M = {M0,M1, ...,Mt−1} and the sampling mask R =
{R0, R1, ..., Rt−1} as shown below:

min
s
θ ‖∇tS‖1 s.t. ‖RFS−M‖22 < ε (17)

By introducing the auxiliary variable P, the above problem be-
comes:

min
P
θ ‖P‖1 s.t. ‖RFS−M‖22 < ε, ∇tS = P (18)

By adding dual variable Q, it results in an unconstrained prob-
lem as following:

min
S,P

θ ‖P‖1 +
γ

2
‖RFS−M‖22 +

δ

2
‖∇tS−P + Q‖22 (19)

Solve for P:

min
P
θ ‖P‖1 +

δ

2
‖∇tS−P + Q‖22 (20)

P = Shrinkθ/δ (∇tS + Q) (21)

Solve for S:

min
S

γ

2
‖RFS−M‖22 +

δ

2
‖∇tS−P + Q‖22 (22)(

γFHRHRF − δ∆t

)
S = γFHRHM + δ∇Ht (P−Q) (23)

Since the dimension of operator F is 2D but that of ∆t is 1D,
an efficient update rule for S can be obtained using a single
iteration method as shown in [2].
Solve for Q: The update rule for Q is defined using a fixed
point iteration as follows:

Q = Q + (∇tS−P) (24)

Note that the dual variable Q and others (U , H) are equivalent
to Bregman variables used in [2], in term of terminology.

3. RESULTS

In order to assess the performance of the proposed method, we
ran our algorithm and [4] on four tumor DCE-MRI datasets.
In the experiment, we used 2D atoms (i.e., filters) of size
16×16. The MRI datasets used in this experiment were per-
fusion dynamic tumor images processed with the Gd-DTPA
agent to reconstruct the contrast profiles overtime. The CS-
undersampling factor was set to ×8.

Convergence evaluation: As showed in Figure 2, the
achieved Peak Signal-To-Noise-Ratios (PSNRs) of the pro-
posed method are significantly higher than those of Caballero
et al. [4]. In addition, our approach also converged faster to the
steady stage on both datasets although our initial filter values
are chosen randomly while Caballero et al. used the discrete
cosine transform (DCT) basis at the beginning. The difference
results are mainly from the numerical solver and the energy
formulation.

Running time evaluation: The wall-clock running times
are measured on a PC equipped with an Intel i7 CPU with 16
GB main memory and an NVIDIA GTX Geforce 980 Ti GPU.
The prototype code is written in MATLAB 2015b including
GPU implementation. As shown in Figure 3, we observed that
our method is about 7× to 9× faster than the stage-of-the-art
dictionary learning based CS-MRI reconstruction method [4]
for 100 epochs (i.e., the number of learning iterations).

Quality evaluation: Figure 4 visualizes the first 64 (out
of 256) atoms, the reconstructed images, and the errors com-
pared to the full reconstruction, respectively. Our learning
method can generate atoms that capture details of the image
features much better than the patch-based learning method
(Fig. 4a). Because the patch-based learning method generate
smoother atoms (e.g., Gabor-like edges), the reconstruction
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Fig. 2: Convergence rate evaluation based on PSNRs.
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Fig. 3: Running times of 100 epochs.

process relies more on accurate sparse coding, which results
in less-optimal convergence in the minimization process and
higher error rates compared to our method.

4. CONCLUSION

In this paper, we introduced an efficient CS-MRI reconstruc-
tion method based on convolutional sparse coding and a tem-
poral Total Variation regularizer. The proposed numerical
solver is derived under the ADMM framework by leveraging
the Fourier convolution theorem, which can be effectively ac-
celerated using GPUs. As a result, we achieved faster conver-
gence rate and higher PSNRs compared to the state-of-the-art
CS-MRI reconstruction method using a patch-based dictionary
learning. In the future, we plan to extend this method to in-
clude the temporal coherency directly on the atoms and assess
its feasibility in clinical applications.
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